Abstract: Let X be a Peano continuum having a free arc and let C 0 (X) be the semigroup of continuous self-maps of X. A subsemigroup F ⊂ C 0 (X) is said to be sensitive, if there is some constant c > 0 such that for any nonempty open set U ⊂ X, there is some f ∈ F such that the diameter diam(f (U )) > c. We show that if X admits a sensitive commutative subsemigroup F of C 0 (X) consisting of continuous open maps, then either X is an arc, or X is a circle.
Introduction
Let X be a compact metric space with metric d, and let C 0 (X) be the set of all continuous self-maps of X. Then C 0 (X) is a semigroup under the composition of maps. If F is a subsemigroup of C 0 (X), then we call the pair (X, F ) a dynamical system on X. If F is generated by a single map f , that is F = {f n : n = 0, 1, 2, · · · }, then we call (X, F ) a Z + -dynamical system which is also denoted by (X, f ). If there is some constant c > 0 such that for any nonempty open set U ⊂ X, there is some f ∈ F such that the diameter diam(f (U )) > c, then F is said to be sensitive or c-sensitive, and c is said to be a sensitivity constant for F . For any f ∈ C 0 (X), if the semigroup F = {f n : n = 0, 1, 2, · · · } is sensitive, then f is called sensitive.
Sensitivity plays an important role in chaos theory. Although there is no universally accepted mathematical definition of chaos, sensitivity is widely understood as being the central idea of chaos. For example, in 1980 Auslander and Yorke introduced their definition of chaos by associating sensitivity with topological transitivity (see [2] ). Later Devaney introduced a famous definition of chaos called Devaney chaos, in which a system is chaotic if it is sensitive, topologically transitive and has a dense set of periodic points (see [5] ). Sensitivity has been extensively studied by many authors(see e.g. [1, 3, 4, 6, 7, 8, 11, 17, 18] ).
By a continuum, we mean a compact connected metric space. An arc is a continuum homeomorphic to the closed interval [0, 1] and a circle is a continuum homeomorphic to the unit circle S 1 = {e iθ : 0 ≤ θ ≤ 2π} in the complex plane. If a continuum is locally connected, then it is called a Peano continuum. Let X be a metric space and let J be a subset of X. In the study of topological dynamical systems and continuum theory, one is interested in the question: given a continuum X, dose it admit a sensitive subsemigroup F ⊂ C 0 (X)? This depends on the topology of X and the algebraic structure of F . It is well known that arcs and circles admit no sensitive homeomorphism. Mai and Shi in [12] proved a stronger result: graphs admit no sensitive commutative subsemigroup of C 0 (X) consisting of homeomorphisms. In the same paper, they also gave an example of a sensitive homeomorphism on a Suslinian continuum having a free arc, which answers a question posed by Kato in [9] . Notice that the Suslinian continuum discussed in this example is not locally connected. When we consider Peano continua, the consequence is different. The notion of Peano continuum having a free arc is a natural generalization of arcs, circles and graphs. Early in 1988, Kawamura showed that every Peano continuum having a free arc admits no expansive homeomorphism in [10] . Furthermore, in [13] Mai and Shi showed that if X is a Peano continuum having a free arc and F is a commutative semigroup consisting of homeomorphisms on X, then F is not sensitive. This result generalized the main results in [10, 12] . However, it is not true if we replace the condition "homeomorphism" by "open map" because there exist sensitive open maps on arcs and circles. For example, the tent map on the closed interval [0, 1] is a sensitive open map, and the circle map f : S 1 → S 1 , e iθ → e 2iθ , for all e iθ ∈ S 1 is also sensitive. In fact, Shi et al. in [16] proved that if a Peano continuum having a free arc admits a sensitive open map, then it is either an arc, or a circle, and Mai et al. in [14] proved that if a Peano continuum having a free arc admits a sensitive commutative semigroup which consists of lo-cal homeomorphisms, then it must be a circle. In this paper, we will consider the further question: what can we say about the structure of X provided that X is a Peano continuum having a free arc and F ⊂ C 0 (X) is a sensitive commutative semigroup consisting of open maps on X? We prove the following theorem: A continuum is called nondegenerate if it has at least two points. Let us recall some properties of Peano continua. Every nondegenerate Peano continuum is arcwise connected (see [15, Theorem 8.23] ); every open subset of a Peano continuum is locally arcwise connected; every Peano continuum is locally arcwise connected (see [15, Theorem 8.25] ). The following lemma comes from [15, Exercise 8.30 ].
Lemma 2.1. Let X be a Peano continuum. For each ǫ > 0, there exists a δ = δ(ǫ) ∈ (0, ǫ/2] such that, for any x, y ∈ X with 0 < d(x, y) ≤ δ, there always exists an arc A with endpoints x and y such that diam(A) < ǫ.
Let A be an arc. Fix a homeomorphism h : A → [0, 1]. Let ≺ be an ordering on A which is defined by x ≺ y if and only if h(x) < h(y) for all x, y ∈ A. Then ≺ is called a natural ordering on A induced by h. The following lemma can be seen in [14] . The proof of Lemma 2.3 is similar to that of Lemma 3.1 in [16] . For simplicity, we omit the proof here. The next lemma follows directly from Lemma 2.3.
Lemma 2.4. Let X be a nondegenerate Peano continuum which is neither an arc nor a circle. Suppose that I is an open connected subset of X which contains no simple troid. Then one of the following statements holds: (i) I is homeomorphic to the open interval (0, 1); (ii) I is homeomorphic to the half-open interval [0, 1).
A free open interval J in a continuum X is called maximal, if there is no free open interval in X which properly includes J. If X is a Peano continuum, then by the local connectedness of X, it is easy to see that there are three types for the closure of a maximal free open interval J in X:
(i) J = J ∪ {a, b} is an arc, where a, b ∈ X \ J are endpoints of J, and {a, b} ∩ End(X) = ∅;
(ii) J = J ∪ {a, b} is an arc, where a, b ∈ X \ J are endpoints of J , and {a, b} ∩ End(X) = ∅;
(iii) J = J ∪ {c} is a circle, for some c ∈ X \ J. Remark. If X is a nondegenerate Peano continuum having a free arc, which is not a circle, then it is not difficult to see that two maximal free open intervals in X either are disjoint or coincide.
Open maps
In this section, we introduce some lemmas about open maps on Peano continua. The first lemma is from [16 To complete the proof, we need to show |Bd X (f (V ))| = 1. In order to show this fact, it suffices to show that for each point y ∈ Bd X (f (V )), there is an x ∈ Bd X (V ) such that f (x) = y. Let y ∈ Bd X (f (V )). There exists a point sequence {y n : n ∈ N} ⊂ f (V ) such that y n → y as n → ∞. Take x n ∈ f −1 (y n ) ∩ V for every n ∈ N. Then there are a subsequence {x n k : k ∈ N} ⊂ {x n : n ∈ N} and a point x ∈ V such that x n k → x as n k → ∞. It follows from the continuity of f that f (x) = y. Since y ∈ Bd X (f (V )) and f is open, we have x ∈ Bd X (V ). This implies that |Bd X (f (V ))| ≤ |Bd X (V )|. Hence |Bd X (f (V ))| = 1. Thus we complete the proof. Case 2. K = K ∪ {a, b} is an arc for a, b ∈ X \ K and {a, b} ∩ End(X) = ∅. If a ∈ f (J), since f (J) contains no simple troid, then according to Lemma 2.3 and the maximality of K, a ∈ End(X), which is a contradiction. Hence a / ∈ f (J). Similar arguments show that b / ∈ f (J). Hence f (J) ⊂ K.
Now we prove that f : J → f (J) ⊂ K is injective. Assume to the contrary that f : J → f (J) ⊂ K is not injective. Then there are two points x 1 , x 2 ∈ J such that f (x 1 ) = f (x 2 ). Thus there exists a turning point z ∈ (x 1 , x 2 ) J such that f (z) ∈ K, which contradicts the openness of f . Thus f : J → f (J) is injective. Proof. Since J is a maximal free open interval of Type I, let J = J ∪ {u, v}, where u, v ∈ X \ J and u ∈ End(X). For the same reason as in Lemma 3.4, there exists a maximal free open interval K such that f (J) ⊂ K. Since u is an endpoint of X, then f (u) ∈ End(X) by Lemma 3.2. It implies that K is a maximal free open interval of Type I in X. Let K = K ∪{a, b}, where a, b ∈ X \K and a = f (u) ∈ End(X). In order to prove f (J) ⊂ K, it suffices to prove that a, b / ∈ f (J). If not, assume that b ∈ f (J). According to Lemma 2.3, Lemma 3.1 and the maximality of K, b is an endpoint of X. It follows that X = K, which is a contradiction. Therefore b / ∈ f (J). On the other hand, if assume that a ∈ f (J), which means there is a point x ∈ J such that f (x) = a = f (u), then (x, u) J contains a turning point z such that f (z) ∈ K. By the openness of f , we have f (z) = b. Thus b ∈ f (J). However, we have verified that b / ∈ f (J). Hence a / ∈ f (J) as well. Thus f (J) ⊂ K.
By the same argument as in the proof of Lemma 3.4, we have that f : J → f (J) is injective. This completes the proof.
Proof of the main theorem
In this section, we are ready to show the main theorem. First let us introduce some definitions. Proof of Theorem 1.1. Assume to the contrary that X is neither an arc, nor a circle. Let c be a sensitive constant of F , and denote ǫ = c/7. Let δ = δ(ǫ) be as the statement in Lemma 2.1. Since X is compact and locally arcwise connected, there are finitely many arcwise connected open subsets
To show this theorem, we should prove some claims. The first claim is obvious. Proof of Claim B. By Lemma 3.3, g(A) is a free arc in X. Since F is a commutative semigroup and g is injective on J, then we have
Applying the sensitivity of F and Lemma 3.3, we have Claim C. Let K 0 be a free arc in a maximal free open interval J. Then for every i ∈ N, there exist g i−1 , L i−1 , I i , y i0 , · · · , y i7 and K i satisfying the following conditions:
is a free arc in X, End(I i ) = {y i0 , y i7 }, and d(y i0 , y i7 ) = c = 7ǫ.
(ii) {y i1 , · · · , y i6 } is the set of pesudo-7-section points of I i from y i0 to y i7 , and
In the following, we will discuss in two cases. 
By (4.2) and Lemma 2.2, we have 
In the following, we show (4.3) holds. Take k ∈ {1, 2,
, and g t−1 · · · g 0 is injective on J, then by Claim A and Claim B, I t is a jumping arc of
Thus the proof of Claim E is complete. In this case, we can also have two claims similar to Claim D and Claim E. Notice that a key point in the proofs of Claim D and Claim E is the injectivity of g on J for any g ∈ F and any maximal free open interval J in X. In this case, we begin our discussion with choosing a maximal free open interval J of Type I and taking a free arc K 0 ⊂ J. According to Lemma 3. Finally, let us finish the proof of this theorem. Denote diam(X) = r. Then for any f ∈ F , we have S(f ) ≤ nr. Take an integer l > nr/δ. By Claim D and Claim E (for Case 1), or by Claim D ′ and Claim E ′ (for Case 2), there are f 1 , f 2 , · · · , f l+1 ∈ F such that S(f 1 , · · · , f j , f j+1 ) < S(f 1 , · · · , f j ) − δ for all 1 ≤ j ≤ l. This implies that S(f 1 , · · · , f l , f l+1 ) < S(f 1 ) − lδ ≤ nr − lδ < 0, However, it follows from the definition of (4.1) that S(f 1 , · · · , f l , f l+1 ) ≥ 0, which is a contradiction. The proof is complete.
